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The paper studies computability-theoretic complexity for classes of countable structures. A standard method of investigating this problem is to fix a particular notion of *reduction* $\documentclass[12pt]{minimal}
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One of the first examples of such reductions comes from descriptive set theory: Friedman and Stanley \[[@CR9]\] introduced the notion of *Borel embedding*. Informally speaking, a *Borel embedding* $\documentclass[12pt]{minimal}
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Calvert, Cummins, Knight, and Miller \[[@CR4]\] (see also \[[@CR15]\]) developed two different *effective versions* of Borel embeddings. Roughly speaking, a *Turing computable embedding* (or *tc-embedding*, for short) is a Borel embedding, which is realized by a Turing functional $\documentclass[12pt]{minimal}
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A powerful tool, which helps to work with Turing computable embeddings, is provided by the Pullback Theorem of Knight, Miller, and Vanden Boom \[[@CR15]\]. Informally, this theorem says that *tc*-embeddings behave well, when working with syntactic properties: one can "pull back" computable infinitary sentences from the output class $\documentclass[12pt]{minimal}
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Nevertheless, Pullback Theorem and its consequences show that sometimes *tc*-embeddings are too coarse: they *cannot see* finer structural distinctions between classes. One of the first examples of this phenomenon was provided by Chisholm, Knight, and Miller \[[@CR5]\]: Let *VS* be the class of infinite $\documentclass[12pt]{minimal}
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Another example of this intriguing phenomenon can be found in the simpler setting of classes generated by pairs of linear orderings, closed under isomorphism. Recall that by $\documentclass[12pt]{minimal}
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Ganchev, Kalimullin and Vatev \[[@CR10]\] gave one such example. For a structure $\documentclass[12pt]{minimal}
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One can prove (see, e.g., Theorem 3.1 in \[[@CR3]\]) the following: Let *L* be a computable infinite linear order with a least, but no greatest element. Then the pair $\documentclass[12pt]{minimal}
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The current paper continues the investigations of \[[@CR3]\]. We show that even adding the finite sums of $\documentclass[12pt]{minimal}
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=============

We will slightly abuse the notations: both the set of natural numbers and the standard ordering of this set will be denoted by $\documentclass[12pt]{minimal}
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Definition 2 {#FPar2}
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Proposition 1 {#FPar3}
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Further Background {#Sec3}
------------------

This paper is focused on the degree $\documentclass[12pt]{minimal}
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### Problem (Kalimullin) {#FPar4}
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This problem was a starting point of investigations of \[[@CR3]\] and the current paper. One can attack the problem via employing model-theoretic properties of the structures (in a way similar to \[[@CR5]\]). In particular, a naive way to distinguish these pairs would be the following. Each of the orders $\documentclass[12pt]{minimal}
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We note that quite unexpectedly (at least for us), the theory of Turing computable embeddings found applications in algorithmic learning theory. Section 3.2 of \[[@CR2]\] establishes connections between *tc*-embeddings and a particular paradigm of learnability for classes of countable structures. Informally speaking, this paradigm employs a learner whose goal is, given the atomic diagram of a structure $\documentclass[12pt]{minimal}
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Positive Results {#Sec4}
================
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-----
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Proof {#FPar20}
-----
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Proposition 5 {#FPar21}
-------------
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Proof {#FPar22}
-----
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Proposition 6 {#FPar23}
-------------
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-----
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The General Case {#Sec6}
================

Here, using the same techniques as in Sect. [4](#Sec5){ref-type="sec"}, we will obtain the following theorem.

Theorem 4 {#FPar30}
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Proposition 8 {#FPar31}
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The next proposition is a generalization of Proposition [6](#FPar23){ref-type="sec"}.

Proposition 9 {#FPar32}
-------------
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Future Work {#Sec8}
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